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Problem and Assumptions
We investigate the problem of chains of paramagnetic particles in
a viscous fluid under rotating fields with following assumptions:

1) Over-damped dynamics i.e. 𝑅𝑒 ≪ 1
2) Negligible Brownian motion
3) Point dipoles
4) Stokes drag model
5) Hard spheres

Computational Model 

We revolve the field hundreds of thousands of times for various
initial phase lags. We use asymptotic time averaged magneto-
static energy dissipation rate to explore the frequency space:
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Decay Characteristics of a Typical Chaotic Frequency  
Equations of motion are in the form of �̇� = 𝑓 𝑼 where 𝑼 =
{𝑥., … , 𝑥+, 𝑦., … , 𝑦+, 𝜓}. The evolution of separation between two
states which are initially infinitesimally separated is given by the
so-called tangent dynamics:

ɛ̇𝒊 = 𝐽,@ɛ𝒋
where 𝐽,@ = 𝜕𝑓, 𝑈@⁄ is the Jacobian matrix which depends on
positions and orientation of the field. The separation equations are
solved simultaneously along with the equations of motion to
determine both 𝑼 and 𝜺 at all future times. The long-time average
of the derivative of log	(|𝜺|) with respect to time is known as the
Largest Lyapunov Exponent (LLE).

Effect of External Field Rotation Rate

Magnetic forces	(red): 	𝑭𝑴
𝒊𝒋 = 𝐹S
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Drag force (blue): 	𝑭𝑯	𝒊 = −𝜇𝒗𝒊

Contact forces (green): 𝑭𝑪
𝒊𝒋 = −𝐴𝐹S(

T
VWX
)i	�̀�𝒊𝒋

Equations of motion (EOM): 𝑭𝒏𝒆𝒕𝒊 = 𝑭𝑯	𝒊 + ∑ 𝑭𝑴
𝒊𝒋𝑵

𝒋o𝒊 + ∑ 𝑭𝑪
𝒊𝒋𝑵

𝒋o𝒊 = 𝟎

Mason number: 𝑀𝑎 = 𝜇𝑎ω/2𝐹S

Remarks:
o Positive LLE: a chaotic trajectory
o Zero asymptotic LLE: periodic final state
o Characteristic transition times in order of hundreds of field

revolutions e.g. ωτ 2π =⁄ 356 revolutions for 𝑀𝑎 = 1.25
o Escape from chaotic behavior into either molecule or cluster is

governed by a 1st order Poisson process with rate constants:
𝑟z{| and 𝑟}|~���V

o 𝑟z{| = 0.88/712 and 𝑟}|~���V = 1.12/712. So, 𝑟�{� = 1/356 (rev.)

Effect of External Field Rotation Rate – Cont’d

Magneto-static energy: 𝑈�� = ∑ ∑ 1 − 3𝑐𝑜𝑠3𝜙,@ 2(𝑎 𝑟,@⁄ )��+
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Remarks:
o𝑀𝑎 < 	𝑀𝑎}.: Stable chains, rigid body rotation
o𝑀𝑎}. < 𝑀𝑎 < 𝑀𝑎}3 : Periodic dance i.e. periodic break up and

reforming of chains
o𝑀𝑎 > 𝑀𝑎}3:

• Typical trajectories:
§Chaotic motion decays to a stable closed-pack planar cluster
or a colloidal molecule

§Clusters become dominant at high 𝑀𝑎
• Special trajectories:

§Case#1: ever-periodic stable dances
§Case#2: aperiodic symmetric motion decays to a stable
periodic dance

§Not distinguishable in asymptotic regime

Fig.3)


